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The aim of this research is to examine the mathematical language use of 

mathematics teachers in detail within the framework of the theoretical 

approach of “Three Worlds of Mathematics” put forward by Tall (2007). 

The research was carried out in the case study pattern, which is one of the 

qualitative research methods. The study group of the research consists of 

27 math teachers. In the research, “Worksheet for the Use of 

Mathematical Language”, which includes four mathematical situations, 

was used as a data collection tool. In the analysis of the data collected 

within the scope of the research, the interpretation of the “Three Worlds 

of Mathematics” theoretical approach towards the use of mathematical 

language was adopted. As a result of the research, it was seen that 

mathematics teachers used mathematical language mostly in the context 

of the “conceptual-embodied world”, and least in the context of the 

“axiomatic-formal world”. At the same time, while the mathematical 

world in which the mathematical situation is presented affects the 

mathematical language used by the teachers for that situation, the 

teachers could not fully reflect the mathematical language to different 

worlds whilst working on mathematical situations. Finally, based on the 

conclusion that teachers use mathematical language in a more qualified 

way while performing high-level skills, it is suggested to include 

activities that allow the development of high-level skills in mathematics 

lessons and that serve to understand and develop mathematics 
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Introduction 

Mathematics is a universal language based on symbols and shapes (Ministry of 

National Education [MoNE], 2009). The reason for the recognition of mathematical language 
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as an international language is its unique systematic structure (lexical, symbolic, and iconic) 

(Uğurel & Moralı, 2010). It can be said that the proper use of this systematic structure with 

correct content plays a significant role in the formation of mathematical language in 

individuals. Due to the significant role of mathematics in understanding, it is necessary to 

develop individuals' skills in the mathematical language (Gawned, 1990). Considering the 

importance of mathematical language in understanding mathematics, it is necessary to 

examine how it is addressed in mathematics education curricula. 

MoNE (2018), includes the ability for students to use mathematical terminology and language 

correctly as one of the special objectives of mathematics education in the Mathematics 

Curriculum. The Australian Mathematics Teaching Curriculum (ACARA, 2022) emphasizes 

that mathematics focuses on developing the skills and understanding necessary for students to 

think, reason, and generate solutions to problems by using appropriate mathematical language 

in given situations. Similarly, the National Council of Teachers of Mathematics (NCTM, 

2000) has established the proper use of mathematical language as a standard and included 

learning mathematical language as one of the fundamental objectives of mathematics 

education. Therefore, the development of mathematical language is an important target to be 

achieved in mathematics education curricula.  

In addition to the significant place of mathematical language in mathematics education 

curricula, many educators point out that mathematical language responds to needs such as 

developing mathematical thinking, mastering mathematical subject knowledge, applying 

mathematical studies, and practicing mathematical communication (Purpura & Reid, 2016; 

Hornburg et al., 2018). Mathematical language plays a critical role in helping individuals 

develop new ways of learning mathematical concepts (Chard, 2003). At the same time, 

students' use of mathematical language predicts their mathematical skills (McClelland et al., 

2007; Purpura & Logan, 2015). Nevertheless, studies in the field show that students have 

difficulties in using mathematical language (Akarsu, 2013; Güzel & Yılmaz, 2020; Korhonen 

et al., 2011; Rudd et al., 2008; Yüzerler, 2013). 

The main task in creating and implementing a learning environment that allows for the 

learning and development of mathematical language belongs to the teacher. Mercer and Sams 

(2006) support this idea by stating the significant role that mathematics teachers play in 

enabling students to use language effectively. In order for teachers to carry out their 

profession effectively, they must have a command of the subjects in their field (Shulman, 

1986). A teacher who does not have a command of mathematical language cannot be 

expected to develop their students' mathematical language.  

Therefore, in the context of the current research, it is considered important to gain information 

about the proficiency of mathematics teachers in mathematical language and to examine their 

use of mathematical language. However, mathematical language is considered a complex 

language form because it contains abstract terms and concepts with different mathematical 

meanings (Rubenstein & Thompson, 2002; Schmitt et al., 2019). Due to the complex structure 

of mathematical language, gaining knowledge about individuals' use of mathematical 

language can only be achieved through a detailed and in-depth examination. 

Tall (2007) has made possible to examine the use of mathematical language in depth and 

detail within the framework of mathematical thinking, which he called “Three Worlds of 

Mathematics”. According to “Three Worlds of Mathematics”, mathematical language 

develops in conjunction with mathematical thinking (Akarsu Yakar, 2019; Tall, 2008). Tall 
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(2007) defines three mathematical worlds as (i) “conceptual-embodied world”, (ii) 

“proceptual-symbolic world”, and (iii) “axiomatic-formal world”, and points out that 

mathematical language is used in different ways in these three worlds. The use of 

mathematical language in terms of theoretical approach in the “Three Worlds of 

Mathematics” is presented in Figure 1. 

 

Figure 1. Mathematical language uses in terms of “Three Worlds of Mathematics” theoretical 

approach (Tall, 2007; 2008) 

There are various studies in the literature on the use of mathematical language. However, 

these studies are mostly conducted with pre-service mathematics teachers (Aydın & Yeşilyurt, 

2007; Çakmak et al., 2014; Çalıkoğlu Bali, 2002; Emre et al., 2017; Gültekin & Es, 2018; 

Gürefe, 2018; Kıymaz et al., 2020; Shockey & Pindiprolu, 2015; Yardımcı, 2019; Yeşildere, 

2007) and students (Akarsu, 2013; Akarsu Yakar, 2019; Aydoğan Belen, 2018; Güzel & 

Yılmaz, 2020; Oxenford O’Brian et al., 2010; Purpura & Reid, 2016; Rudd et al., 2008; Yakar 

& Yılmaz, 2017; Yüzerler, 2013), and it has been observed that there are few studies that 

examine the use of mathematical language by mathematics teachers (Açıl & Zeybek, 2017; 

Baiduri & Utomo, 2020; Baki and Çelik, 2018; Kuntze et al., 2018). Açıl and Zeybek (2017) 

examined mathematics teachers' ability to recognize their students' use of mathematical 

language, Baiduri and Utumoto (2020) examined the competencies of mathematics teachers in 

acquiring and using mathematical language, Baki and Çelik (2018) analyzed mathematics 

teachers' mathematical discourse towards mathematical language, and Kuntze et al. (2018) 

investigated how mathematics teachers support their students in using multiple 

representations as part of mathematical language. It has been observed that these studies 

thoroughly examine the use of mathematical language by mathematics teachers in a teaching 

and learning process, but they are not bound by a theoretical framework for mathematical 

language. 

In this context, it is seen as important and necessary to examine the mathematical language 

usage of mathematics teachers who are the implementers of mathematics teaching programs 

that have an important place for mathematical language and play an effective role in 

developing students' mathematical language usage in detail within a theoretical framework. 

At the same time, considering that the studies on mathematical language use conducted in our 

country are mostly carried out with teacher candidates and students, it is thought that the 

sample type of the current research will also contribute to the literature. Therefore, the 
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purpose of this research is shaped as the examination of mathematics teachers' mathematical 

language usage within the theoretical framework of “Three Worlds of Mathematics” approach 

proposed by Tall (2007). In line with this purpose, the research problem that directs the 

research is determined as “How is the mathematical language usage of mathematics 

teachers?” 

Method 

This research was conducted using the case study design, which is one of the 

qualitative research methods. Qualitative research is one of the ways of producing knowledge 

that people have constructed themselves in social structures (Morgan, 1996). Qualitative 

research aims to interpret phenomena within their own contexts without altering them 

(Maxwell, 2008) using an interpretive approach (Baltacı, 2019), providing an understanding 

of human events in their own context (Bogdan & Biklen, 1997). In case study research, which 

is one of the qualitative research methods, researchers focus on describing a limited research 

topic in detail as it exists (Hancock & Algozzine, 2006). Case study research provides an 

opportunity for the researcher to examine, understand, and draw inferences about an event in 

depth and without intervention (Yin, 2014). This research is suitable for the case study design, 

which is one of the qualitative research methods, because it aims to examine the mathematical 

language usage that teachers construct within their own life contexts, without altering them, 

within the theoretical framework of “Three Worlds of Mathematics” proposed by Tall (2007).  

Study Group 

This research is conducted with 27 mathematics teachers working in different cities of 

Turkey. The study group of the research was determined by convenient sampling, which is 

one of the purposive sampling methods. In purposive sampling, researchers create the study 

group to meet the predetermined characteristics (Teddlie & Yu, 2007). Purposive sampling, 

which allows for more qualitative research by selecting information-rich situations, offers 

greater depth to research while having limited scope (Patton, 2018, p.230). In convenient 

sampling, the researcher includes individuals who are close to them, easily accessible, and 

sufficient in number in the study group (Singleton and Straits, 2005). Therefore, in order to 

create information-rich situations, a sufficient number of mathematics teachers with different 

educational levels, graduate programs, professional experiences, and working in different 

types of schools were included in the study group, which the researcher could easily reach.  

Data Collection Tools 

The “Worksheet for Mathematical Language Use” was used as the data collection tool 

in the study. There are a total of four mathematical situations in the worksheet. Mathematical 

situations were arranged by the researchers in accordance with the theoretical approach of 

“Three Worlds of Mathematics” put forward by Tall (2007) and were also used in data 

analysis. Care was taken to present each mathematical situation in the data collection tool to 

address at least one of the three mathematical worlds in the theoretical approach. While 

determining the worlds of mathematics to which mathematical situations belong, opinions of 

one associate professor and five expert mathematics teachers were taken. The fact that the 

opinions expressed by the experts were the same showed that the data collection tool was 

structurally valid.  

The first mathematical situation is presented in the “conceptual-embodied world”, the second 

in the “proceptual-symbolic world”, the third in the “axiomatic-formal world”, and the fourth 
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in the context of both “conceptual-embodied world” and “proceptual-symbolic world”. The 

main aim is to see how the use of mathematical language occurs in different mathematical 

worlds. However, it has been wondered whether or how the use of mathematical language 

will change if the mathematical situation includes more than one mathematical world. For this 

reason, the first three mathematical situation are arranged to address one world, and the fourth 

mathematical situation to address two worlds. The four mathematical situations in the 

worksheet are presented in Figure 2.  

 

Figure 2. Mathematical situations included in the worksheet for mathematical language use 

In order to analyze the teachers' usage of mathematical language in detail through 

mathematical situations, two questions were asked for each mathematical situation. The 

questions were as follows: (i) What do you see in the given mathematical situation? (ii) Pose 

and solve a problem using the given mathematical situation. Therefore, a total of eight 

questions were directed to the mathematics teachers who formed the research group for four 

mathematical situations. Mathematical problem posing was not considered as a theoretical 

framework in the related research. During problem posing, which is one of the most effective 

ways of doing mathematics (NCTM, 2000), individuals develop a mathematical language 

(Rudnitsky et al., 1995). Based on this understanding, problem posing was used to collect 

data in this study aiming to examines the use of mathematical language. 

Data Collection Process and Data Analysis 

The data was collected from mathematics teachers on one occasion for the purpose of 

the research. The data collection tool was sent to teachers via online platforms, and they were 

asked to answer the questions and share their answers with the researchers by taking photos. 

Teachers were informed that their answers would be scientifically evaluated and that their 

personal information and answers would not be shared with anyone without their permission. 

The theoretical approach of “Three Worlds of Mathematics” (Tall, 2007) was adopted to 

interpret the data collected in the study regarding the use of mathematical language. An 

analysis framework was prepared for each mathematical situation in accordance with the 

relevant literature (Tall, 2007; 2008; Akarsu Yakar, 2019, p.49). The prepared analysis 

framework is presented in Table 1. 
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Table 1. Analysis framework for each mathematical situation in the data collection tool 

Mathematical Situation 

The nature of the expected answer according to the Three World of 

Mathematics  

Conceptual-Embodied 

World 

Proceptual-Symbolic 

World 

Axiomatic-

Formal World 

 
Expressing geometric 

figures or the 

Pythagorean theorem in 

a written or visual form 

 

Expressing Pythagorean 

theorem in a symbolic 

form 

Defining 

Pythagorean 

theorem in a 

theoretical form 

 

Recognizing the pattern 

or stating the properties 

of the pattern 

Symbolizing the 

relationships in the 

pattern 

Defining or 

proving the 

formula for the 

sum of the square 

numbers 

 

Expressing the 

mathematical situations 

contained in the median 

of a triangle in written 

or visual form and 

indicating its properties 

Symbolizing the 

situations created by the 

median in the triangle 

Defining 

theoretically the 

median and/or its 

properties 

 

Expressing the 

mathematical situations 

contained in the given 

coordinate system in a 

written or visual form 

and indicating its 

properties 

Symbolizing the 

mathematical situations 

contained in the given 

coordinate system 

Defining the 

theoretical 

properties of the 

equation or the 

slope of a line 

The responses obtained from the teachers were analyzed according to Table 1. While 

conducting the analysis, the responses to the question “What do you see in the mathematical 

situation?” in the data collection tool were considered under the “Seeing/Perceiving” 

dimension, and the responses to the question “Pose and solve a problem using the given 

mathematical situation.” were taken into account under the “Understanding/Developing” 

dimension. Since problem posing involves processes such as understanding, designing, 

creating, problem-solving, and evaluation (Örnek & Soylu, 2021), it was deemed appropriate 

to name the dimension where the responses to the question “Pose and solve a problem using 

the given mathematical situation.” were analyzed as “Understanding/Developing”. The 

analysis results were tabulated by frequencies and sample teacher response quotations 

according to the “Three Worlds of Mathematics”. 

Validity and Reliability 

Validity in qualitative research concerns the accuracy of research results (Baltacı, 

2019). Detailed analysis and reporting of the obtained data, supporting the researcher's 

analyses directly with quotations (Yıldırım & Şimşek, 2021), and seeking opinions from 

different researchers on the findings (Denzin & Lincoln, 2008) are among the important 

criteria for validity in qualitative research. In the current study, the analysis process of the 
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data has been shared in detail with readers, the analyses have been directly supported with 

quotations, and the opinions of different researchers have been consulted at every stage of the 

research, thus increasing the validity. 

Reliability, on the other hand, refers to the replicability of the research (Baltacı, 2019). Data 

analysis that is conducted in adherence to a well-defined theoretical framework before data 

collection (Baltacı, 2017; Creswell, 2012) and the ability of an external reader to verify 

research findings by following the analysis method used in the research (Merriam, 1998) are 

accepted as criteria to ensure reliability. In the current study, the analysis of the data adheres 

to the theoretical approach of "Three Worlds of Mathematics" proposed by Tall (2007), which 

increases reliability. Moreover, the analysis framework used in the data analysis includes the 

expected responses, which supports reliability by enabling an external researcher to follow the 

analysis method. In this way, of the research can be replicability. Considering all these 

factors, the current study is concluded to be valid and reliable. 

Results 

In this section, the findings obtained within the scope of the research will be discussed 

in order according to the mathematical situations included in the data collection tool. Based 

on the findings, the mathematical language use of mathematics teachers will be presented in 

the context of the “Three Worlds of Mathematics”.  

Table 2. The mathematical language use of mathematics teachers in the first mathematical 

situation presented in the context of “conceptual-embodied world” 
Mathematical 

Situation 

Presented in 

Conceptual-

Embodied World 

Context 

Three Worlds 

of 

Mathematics 

Dimension in which 

Mathematical Language is 

Examined Total 

(f) 

Examples of 

expressions Seeing/ 

Perceiving 

(f) 

Understanding/ 

Developing  

(f) 

 

Conceptual-

Embodied 

World 

27 27 54 

“Obtain squares 

using the sides of 

a right triangle 

with side lengths 

of 3, 4, and 5 cm. 

Then, find a 

relationship 

between the areas 

of these squares.” 

Proceptual-

Symbolic 

World 

4 18 22 

“I see the 

Pythagorean 

Theorem. 

a2+b2=c2” 

Axiomatic-

Formal World 
3 5 8 

“I see the 

Pythagorean 

Theorem in a 

right triangle. 

a2=b2+c2 a: 

hypotenuse, b and 

c: perpendicular 

sides.” 
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In the first mathematical situation presented in the “conceptual-embodied world” context, 27 

responses were obtained for each of the “Seeing/Perceiving” and 

“Understanding/Developing” dimensions. Of the 27 responses in the “Seeing/Perceiving” 

dimension, the “conceptual-embodied world” was used in all of them, the “proceptual-

symbolic world” in 4, and the “axiomatic-formal world” in 3; in the 

“Understanding/Developing” dimension, the “conceptual-embodied world” was used in all 27 

responses, the “proceptual-symbolic world” in 18, and the “axiomatic-formal world” in 5 

related to the mathematical language use. 

In his response within the scope of the “Seeing/ Perceiving” dimension, Ö9 included the 

statement “I see the Pythagorean Theorem. a2+b2=c2”. Ö9 noticed that the geometric shape 

combination in the mathematical situation represented the Pythagorean Theorem and named it 

as such. At the same time, Ö9 symbolically expressed the Pythagorean Theorem “a2+b2=c2”. 

Therefore, Ö9's statement contains mathematical language in both “conceptual-embodied 

world” and “proceptual-symbolic world”. Since Ö9 did not make any definition for a, b, and 

c, his statement lacks theoretical properties. Therefore, it does not contain mathematical 

language in the context of the “axiomatic-formal world”. On the other hand, in his response 

within the scope of the “Seeing/ Perceiving” dimension, Ö14 included the statement “I see the 

Pythagorean Theorem in a right triangle. a2+b2=c2, a: hypotenuse, b and c: perpendicular 

sides”. By adding an explanation in the form of “a2+b2=c2, a: hypotenuse, b and c: 

perpendicular sides,” Ö14 utilized a theoretical dimension. Therefore, Ö14's statement was 

analyzed as containing mathematical language in the context of the “conceptual-embodied 

world”, “proceptual-symbolic world”, and “axiomatic-formal world”. 

Table 3. Mathematical language usages of mathematics teachers in the second mathematical 

situation presented in the “proceptual-symbolic world” context 
Mathematical 

Situation 

Presented in 

Proceptual-

Symbolic World 

Context 

Three Worlds 

of 

Mathematics 

Dimension in which 

Mathematical Language is 

Examined Total 

(f) 

Examples of 

expressions Seeing/ 

Perceiving 

(f) 

Understanding/ 

Developing  

(f) 

 

Conceptual-

Embodied 

World 

27 27 54 

“The squares of 

consecutive 

numbers are added. 

A pattern is 

obtained.” 

Proceptual-

Symbolic 

World 

2 18 20 

“What is the sum of 

the numbers that 

form the number 

pattern 

12+22+32+42+…+3

02?” 
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Axiomatic-

Formal World 
1 5 6 

“How many 

squares are there in 

a 4x4 square? 

Create a relation 

for an n x n square. 

For an n x n 

square, there will 

be a total of 

11+22+…+(n-

1)2+n2=n.(n+1).(2n

+1)/6.” 

In the second mathematical situation presented in the “proceptual-symbolic world” context, 

all 27 responses in the “Seeing/Perceiving” dimension included the “conceptual-embodied 

world”, 2 responses included the “proceptual-symbolic world”, and 1 response included the 

“axiomatic-formal world”. In the “Understanding/Developing” dimension, all 27 responses 

used mathematical language in the “conceptual-embodied world”, 18 in the “proceptual-

symbolic world”, and 5 in the “axiomatic-formal world” context. 

Ö16 stated in his response analyzed within the “Seeing/Perceiving” dimension that “The 

squares of consecutive numbers are added. A pattern is obtained.”. Ö16 recognized that the 

pattern in the mathematical situation is obtained by adding the squares of consecutive 

numbers and expressed this. Ö16's statement was analyzed as containing only mathematical 

language in the context of the “conceptual-embodied world”. 

Ö4 included the statement “What is the sum of the numbers that form the number pattern 

12+22+32+42+…+302?” in the problem that he formulated within the scope of the 

“Understanding/Developing” dimension. Ö4 realized that the numbers in the mathematical 

situation formed a pattern. At the same time, he expressed with a symbolic language that the 

pattern was formed by adding the squares of consecutive numbers in the form of 

“12+22+32+42+…+302”. Therefore, Ö4's expression includes mathematical language in both 

the “conceptual-embodied world” and “proceptual-symbolic world”. 

Table 4. Mathematical language usage of mathematics teachers in the third mathematical 

situation presented in a “axiomatic-formal world” context 

Mathematical 

Situation Presented 

in Axiomatic-Formal 

World Context  

Three 

Worlds of 

Mathematics 

Dimension in which 

Mathematical Language is 

Examined Total 

(f) 

Examples of 

expressions Seeing/ 

Perceiving 

(f) 

Understanding/ 

Developing (f) 

 

 

Conceptual-

Embodied 

World 

12 27 39 

 

Proceptual-

Symbolic 

World 

4 23 27 

 

Axiomatic-

Formal 

World 

- 5 5 

“The intersection 

point of the medians 

in a triangle is the 

centroid.” 
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In the third mathematical situation presented in the “axiomatic-formal world” context, in the 

“Seeing/Perceiving” dimension, 12 out of 27 responses included the mathematical language 

usage in the “conceptual-embodied world”, 4 responses included in the “proceptual-symbolic 

world”; in the “Understanding/Developing” dimension, all 27 responses included the 

mathematical language usage in the “conceptual-embodied world”, 23 responses included in 

the “proceptual-symbolic world”, and 5 responses included in the “axiomatic-formal world” 

context. It was observed that teachers did not use mathematical language in the “axiomatic-

formal world” context in the 27 responses they gave for the “Seeing/Perceiving” dimension. 

 

Figure 3. The answer given by Ö7 in the “Seeing/ Perceiving” dimension of the third 

mathematical situation 

As seen in Figure 3, Ö7 has visually expressed the median ([AK]) by drawing a triangle 

(ABC) in his response analyzed within the scope of the “Seeing/Perceiving” dimension. At 

the same time, he included a symbolic definition that expresses that the median divides the 

side [BC] into two equal parts. Therefore, Ö7 used mathematical language in both 

“conceptual-embodied world” and “proceptual-symbolic world” in his response. 

 

Figure 4. The response of Ö17 in the third mathematical situation within the scope of the 

“Understanding/Developing” dimension 

As seen in Figure 4, Ö17 included the expression “2Va
2=b2+c2-a2/2” while solving his 

problem in the context of the “Understanding/Developing” dimension. Ö17 symbolically 

defined the case formed by the median in the triangle. While making this definition, Ö17 

drew a triangle and expressed a, b, c, and Va on the triangle. Therefore, Ö17's symbolic 

definition is a formal definition with theoretical properties. At the same time, through the 

triangle he drew, he visually expressed the mathematical situations created by the median in 

the triangle. Ö17's expression contains mathematical language in both “conceptual-embodied 

world”, “proceptual-symbolic world”, and “axiomatic-formal world”. 
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Table 5. Mathematical language uses of mathematics teachers in the fourth mathematical 

situation presented in “conceptual-embodied world” and “proceptual-symbolic world” 
 

Mathematical Situation 

Presented in Conceptual-

Embodied and 

Proceptual-Symbolic 

World Context 

Three Worlds 

of 

Mathematics 

Dimension in which 

Mathematical Language is 

Examined Total 

(f) 

Examples of 

expressions Seeing/ 

Perceiving 

(f) 

Understanding/ 

Developing (f) 

 

Conceptual-

Embodied 

World 

27 27 54 

“I see the 

graph of a 

line that 

intersects the 

axes.” 

Proceptual-

Symbolic 

World 

7 25 32 

“The general 

equation of 

this line that 

intersects the 

axes can be 

written as 

y=ax+b” 

Axiomatic-

Formal 

World 

- 6 6 

“The slope of 

a line that 

leans to the 

right is 

positive.” 

In the fourth mathematical situation presented in the context of the both “conceptual-

embodied world” and “proceptual-symbolic world”, all 27 responses in the 

“Seeing/Perceiving” dimension involved the “conceptual-embodied world”, and 7 of them 

involved the “proceptual-symbolic world”. In the “Understanding/Developing” dimension, all 

27 responses involved the “conceptual-embodied world”, 25 involved the “proceptual-

symbolic world”, and 6 involved mathematical language in the “axiomatic-formal world” 

context. Mathematical language in the “axiomatic-formal world” context was not observed in 

the responses provided by the teachers in the “Seeing/Perceiving” dimension. 

Ö9 included the statement “The slope of a line that leans to the right is positive” while 

solving the problem that he posed in the context of the “Understanding/Developing” 

dimension. By specifying the property of the line on the coordinate plane in the mathematical 

situation, Ö9 made a definition with theoretical properties related to the slope. Therefore, Ö9's 

statement includes mathematical language in both “conceptual-embodied world” and 

“axiomatic-formal world” contexts. 

Ö20 gave the expression “The general equation of this line that intersects the axes can be 

written as y = ax + b” in the context of the “Seeing/Perceiving” dimension. Ö20 made a 

symbolic definition by stating the general equation of the line as “y = ax + b” in the 

expression where he stated the property of intersecting the axes in the mathematical situation. 

Therefore, the expression of Ö20 contains mathematical language in both “conceptual-

embodied world” and “proceptual-symbolic world”. 
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Conclusion, Discussion and Recommendations 

The current study revealed the use of mathematical language by mathematics teachers 

within the framework of Tall's (2007) “Three Worlds of Mathematics” theoretical approach. 

As a result of the study, it was observed that mathematics teachers use mathematical language 

mostly in the context of the “conceptual-embodied world”. Çakmak et al. (2014) found that 

pre-service mathematics teachers had significantly higher verbal language scores than 

symbolic language scores; and similarly, Emre et al. (2017) determined that teacher 

candidates preferred to use verbal language especially when trying to conceptualize a concept. 

The use of mathematical language in the “conceptual-embodied world” is defined related to 

naming concepts by Tall (2007). Although these studies focused on teacher candidates, they 

can be considered to have reached similar results to the current study, since verbal language is 

more frequently employed when naming concepts. Teachers should structure their use of 

mathematical language with words and symbols that students truly understand while 

achieving the goals of mathematics education (Jupri & Drijvers, 2016; Mulwa, 2015). The 

fact that teachers use mathematical language mostly in the context of the “conceptual-

embodied world” can be explained by the success of middle school students in performing 

mathematical language skills in the “conceptual-embodied world” compared to other worlds 

(Akarsu Yakar, 2019).  

This research has also concluded that mathematics teachers use mathematical language the 

least in the “axiomatic-formal world” context. Similarly, Baki and Çelik (2018) have stated 

that mathematics teachers use non-formal definitions more when explaining mathematical 

concepts. However, the formal dimension of mathematical language increases the potential 

for communication and reduces uncertainty (Harvey, 1982 cited in Farrugia, 2013). As 

mentioned in the literature, the low use of formal mathematical language by teachers can 

create problems such as hindering students from acquiring high-level knowledge (Simpson & 

Cole, 2015) and restricting their access to higher levels of language forms (Morgan, 2007). 

Therefore, teachers should use formal mathematical language more frequently in both 

describing mathematical situations and creating learning environments. The inclusion of 

formal mathematical language in learning environments will provide clarity for students in 

acquiring mathematical knowledge and provide opportunities to acquire higher-level 

knowledge. 

The current research has shown that the mathematical language used by teachers for a given 

mathematical situation is influenced by the mathematical world in which it is presented. 

While mathematical language in “conceptual-embodied world” context is generally used by 

all teachers for mathematical situations, it is not used by all teachers in a “axiomatic-formal 

world” context. In other words, the use of mathematical language in “conceptual-embodied 

world” context to express formal situations has not been fully accomplished by teachers. Tall 

(2007) considers the “axiomatic-formal world” to be at the highest level of mathematical 

thinking processes. Therefore, reducing a given mathematical situation within a high-level 

thinking process to a simpler level of mathematical thinking process may have been 

challenging for teachers. Additionally, the research has shown that symbolic mathematical 

language is mostly used in both “conceptual-embodied world” and “proceptual-symbolic 

world” contexts of mathematical situations. Baiduri and Utomo (2020) have noted that 

teachers experience inconsistencies when using mathematical symbols, and Leiss et al. (2019) 

have stated that they struggle to express mathematical situations with symbols. Therefore, it 

can be said that teachers need a more linguistically rich representation of a mathematical 

situation when expressing it symbolically. 
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The results obtained within the scope of the study indicate that, from a general perspective, 

mathematics teachers have not been able to fully reflect mathematical language to different 

worlds when defining, expressing, and working on mathematical situations. While teachers 

have a good knowledge of mathematical concepts, they experience uncertainty in translating 

mathematical situations into appropriate mathematical language (Al-Sehli & Maroof, 2020). 

Studies in the literature also indicate that mathematics teachers have not been successful 

enough in explaining and expressing symbols and graphs accurately in connection with 

mathematical language (Burke, 2017; Ilany & Hassidov, 2018). In addition, there are studies 

in the literature that indicate that students have difficulties in using mathematical language 

(words, symbols, and signs) (Açıl & Zeybek, 2017) and that understanding mathematical 

language comprehensively continues to be a problem (Baiduri & Utomo, 2020). Considering 

these results, it is possible to mention the necessity of teachers using mathematical language 

in the learning environment to address different mathematical worlds. 

Finally, within the scope of the current research, it has been concluded that the use of 

mathematical language by mathematics teachers in the “Understanding/Developing” 

dimension contains richer mathematical language contexts compared to the 

“Seeing/Perceiving” dimension. This indicates that mathematical language is more activated 

towards different contexts within the “Understanding/Developing” dimension. Teachers were 

asked to pose problems in the “Understanding/Developing” dimension. Problem posing 

requires a skill that involves higher-level thinking. During the performance of higher-level 

skills, mathematical language was exhibited by teachers in a more qualified manner. Based on 

this, activities that allow the development of higher-level skills in mathematics classes and 

that serve to understand and improve mathematics will enable teachers to use mathematical 

language in a richer way. It can be said that the instructional practices in which the teacher 

uses mathematical language richly, students will both increase their knowledge of 

mathematical language and improve their success in the class. Because instructional practices 

on mathematical language are an influential factor on student achievement (Firmender et al., 

2014). 
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