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Abstract- Memristor is a new nonlinear circuit element. Examination of its use with other circuit elements is important from Circuit
analysis point of view. A memristor connected at the end of a transmission line will exhibit a different behavior than a resistor does.
It is difficult or impossible to solve such a problem since the memristor is a nonlinear circuit element. In this study, the equation of
the electromagnetic wave propagating over the transmission line with a memristor load is solved using the finite-difference time-
domain (FDTM) method. Memristor current and voltage are calculated depending on time. The simulations are made with the
MATLAB program.
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Bir iletim Hattindan Beslenen Bir Memristoriin Zamanda Sonlu Farklar Yoéntemi ile Coziimii

Ozet: Memristor yeni bir dogrusal olmayan devre elemamidir. Diger devre elemanlar ile birlikte kullanimimn incelenmesi Devre
analizi agisindan Onemlidir. Bir iletim hattinin sonuna baglanan memristor elemani bir dirence gore daha farkli bir davranig
sergileyecektir. Memristor nonlineer bir devre elemani oldugu igin, bdyle bir problemin ¢oziimiiniin yapilmasi zor ya da imkansizdir.
Bu c¢alismada, bir memristor ile yiiklii bir iletim hattinin {izerinde yayilan elektromanyetik dalganin denklemi Zaman Domeninde
Sonlu Farklar (ZDSF) yontemi kullanilarak ¢ozilmistir. Memristér akimi ve gerilimi zamana bagli olarak hesaplanmugtir.
Simiilasyonlar MATLAB programu ile yapilmustir.
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1. Introduction

The finite-difference time-domain (FDTM) method is widely
used in solving electromagnetic problems and wave
equations [1-3]. This method was first proposed by Kane
Yee to apply finite difference operators centered on graded
grids in space and time for an electric and magnetic vector
field in Maxwell's equations [4]. Transmission lines are
widely used in data communication [11]. Modeling
communication cables is a very complex and difficult
process. The transmission lines or cables are also commonly
examined in literature using numerical methods such FDTD,
finite elements, etc. [5-10]. Transmission lines are modeled
using the telegrapher equation developed by Heaviside [11-
13]. Transmission lines feeding common circuit elements
such as resistor, capacitor, and inductor have solutions in the
frequency and time domain and are widely used in
engineering [11]. Cable electrical parameters such as
resistance, inductance, capacitance, leakage conductance per
unit length are given in their catalogs and are widely used in
their analysis [11, 12-15].

The memristor, whose existence was theoretically
predicted in 1971, has become a new nonlinear circuit
element [16-21]. The word memristor is created by
combining the English words, memory and resistor, and
means memory resistor [16]. Therefore, it is a resistor with
memory. The electrical resistance of the memristor is called
memristance, it depends on the electrical charge which has
flown through the device and its value is found as the ratio of
its voltage to its current. Analytical solution of an electrical
circuit with a memristor is difficult or impossible and
approximate or numerical methods are generally used to
solve such circuits [22-30]. High frequency applications of
the memristor have also been examined in literature [31-33].
If the memristor is fed by a transmission line, this system is a
nonlinear system and the FDTD method can be applied to
solve this system. According to the literature review, the
memristor circuit fed by the transmission line has not been
studied yet, but there is a memristor model using finite
differences [34]. In this study, a memristor fed by a
transmission line has been studied and the numerical solution
of the propagating wave equation with FDTD method and the
memristor terminal equation is done simultaneously. There
are many different memristor models in the literature [35-40].
A memristor may lose Its resistance value when it is fed by a
transmission line because of the reflections during transients
and that’s why it is important to analyze such as circuit. In
this study, Biolek's memristor model is used model in all
simulations [36]. The system has been simulated in time
domain for different source frequencies.

This study is organized as follows. In the second section,
transmission line equations are given. In the third section,
basic information about a memristor and the Biolek
memristor model, which is used in this study, is given. In the
fourth section, the FDTD equations necessary for the solution
of the system are derived. In the fifth section, the system is
simulated. The paper is concluded with the last section.
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2. The Lossy Transmission Line Equations

The lossy transmission line equations, also known as
Telegrapher's Equations, are based on Maxwell's equations.
First order current and voltage equations describing a lossy
transmission line are given as

avgz,t) =-Ri(z,1)- L—ai(azt’t) M
Z
oi(z,t) oV (z,t)

where, V(Z,t) is the voltage on the line at the

position Z at time I, i(Z,'[) is the current flowing through

the transmission line at the position z at time t, R is the
resistance of the transmission line per unit length (Ohm/m), L
is the inductance of the transmission line per unit length
(Henry/m), C is the capacitance of the transmission line per
unit length (Farad /m), G is the leakage conductance of the
transmission line per unit length (Siemens/m).

By doing some algebraic manipulations to Equations 1 and 2,
the following second order linear differential equations of a
transmission line are obtained for line voltage and line
current:

oV (z,1) _LC oV (z,1) +RC oV (z,1)
2

or’ ot 3)
+RGV (z,1)

2 2 .
0 |(zz,t) _Lc 0 |(zz,t) +RC di(z,t)

oz ot ot C))
+RGi(z,t)

3. Memristor ve Biolek’s Memristor Model

A memristor model with nonlinear dopant drift is given as

VITIEITI (t) = Rmem (X)imem (t) (5)
d R . .
d—’t‘ - ”E);n i O (xi) ©)

where v(t) is the memristor voltage, i(t) is the memristor
current, R(x) is the memristor memristance or resistance,
x=w/D is the memristor state variable or the normalized
doped region length of memristor, w is the doped length of
the memristor, D is the total memristor element length, py is
the mobility of the memristor element, f(x,i) is the polarity
dependent of the window function of the memristor.

The memristor electrical resistance is linearly dependent on
the state variable x(t). The state variable x(t) takes the values
between 0 and 1. Memristor’s memristance and resistance:

Rmem (X) = Roff - ( Roff - Ron ) X U]
where Roff and Ron are the memristor’s maksimum and

minimum resistance.

There are lots of different window functions in the literature
[35-40]. The window function of the Biolek’s memristor
model is used in this study and it can be expressed as:

f (X’imem) :1_(X_Step(_imem)2p (8)
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where step() is the unit step function..

_ _ . 2p .
f(X,imem): 1 (X Step( Imem) 'Imem <O (9)

2p H
1-x Aiem =0
The window function is dependent of the parameter p. Using
a piece-wise linear function, the derivative of the state
variable x can also be expressed as

% _ ﬂvRonimem (t) 17(X75tep(7imem (t))Zp ’imem <0
dt D? 1-x2P i >0

! "mem =

(10)

The memristor is simulated for the parameters given in Table
1. The parameters have been chosen considering the
parameter data provided in literature and Roy is chosen as
greater than Ry, which is a condition that should be satisfied
for the ionic memristors [18-19, 21, 23]. The simulated
hysteresis loops of the memristor model for 3 different
operation frequencies can be seen in Figure 1. The memristor
voltage and current for the frequencies are shown in Figure 2.
At high freugeuncies, the area of the hysteresis loop of the
memristor gets smaller and memiristor starts behaving as an
LTI resistor as seen in Figure 2. Also, the memristor gets
saturated at 100 kHz as seen in Figure 1. The memristor
hysteresis loop is not symmetric due to the current
dependency at 100 kHz and 1 MHz as seen in Figure 1. The
memristor current at 100 kHz and 1 Mhz frequencies has
more harmonics and it does not have half-wave symmetry
due to current dependency which results in a DC bias seen in
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Figure 2. At 10 MHz, the memristor behaves almost as if a
LTI resistor, the DC offset in the current is hard to see, and

the current is almost sinusoidal as shown in Figure 3.c.

Table 1 Memristor parameters used in the simulations.

The memristor minimum resistance | Roy | 10 Q
The memristor maximum resistance | Roge | 100 Q
The dopant mobility u 4%'10-14
m/V.s
The memristive element length D 10 nm
Power parameter in the Biolek’s 2
window function P
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Figure 1. Hysteresis Curves of memristor model for x(0)=0.5

and 100 kHz, 1 MHz, and 10 MHz.
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Figure 2. Memristor Voltage (blue) and Memristor Current (red) versus time for x(0)=0.5 and for a) 100 kHz, b) 1 Mhz, and c) =10

MHz.
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4. Derivation of Finite-Difference Time-Domain
Equations for a Transmission Line-fed Memristor

Figure 3 shows a memristor fed by a transmission line. In this
section, the lossy transmission line equations is solved using
the finite difference method. The potential on a transmission
line is given as V(Z,t). Therefore, it depends on both
position and time.

—| ]_
Vi (t) @ %o @ M
L1 !

Figure 3. Transmission line-fed memristor system.

Using finite difference method, the difference equations can
be obtained:

oV (z,1) V(Z+AZ) - (2,1) +V (- Az t)

oz’ AZ? (1)
OV (zt) _V(z,t+A) -2V (z,t)+V (z,t - At) (12)
o At?
6V(z,t)zV(z,t+At)—V(z,t) (13)

ot At

where Atis the time step and AZis the line position
increment.

Substituting difference equations into the voltage wave
equation given by Eq. (3), V (Z,t + At) is obtained as the
follows.

V(z+ Az,t) +V (z—Az,t)
AZZ(Lg N RC+LG)
At At

B LCV (z,t —At)
Atz(LC N RC+LG)

V(z,t+At) =

At? At (14)

[2LC7 2 +RC+LG
At? AzZ? At
[LC RC+LG)
2 —
At At

—RG)
V(z,t)

While programming instead of t and, the indices k and n are
used in the transmission line variables and the following
expressions can be written:

V(n+1,k)+V(n—1k)
AZZ[L(_‘;+RC+LG)
At At

LCV (n, k —1)
.( LC RC+LGJ
> -+
At At
[2|_c 2 RC+LG _

V(n,k+1) =

At

AtZ Az? At
LC RC+LG
> -+
At At

Rej
V (n, k)

(15)
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The ranges of the line position z and time t,

0<z</ (16)
And
0<t<T,, 17

where  is the line length and T, 4 is the simulation time.

Matlab is used for coding. In Matlab, matrix indexes cannot
be negative or zero.

The time step is:

14
At=— (18)

where N, +1 is the number of the time steps of the

simulation.

The position increment is:

AZ=— (19)

where N, +1 is the number of the line positions of the

simulation.

Therefore,

1<k <N, +1 (20)
And

1<n<N,+1 (21)

At the end of the line, the memristor is connected as the load
and its current is given as:

. ~ Viem ®
Iren ()= )

Using Euler method to solve Biolek’s memristor model, the
following equations are obtained and they should be
computed at each time step.

(22)

/LlV ROﬂAt

X(t+ A1) = 2 (01 (X e (1)

(23)
+X(t)

In programming, the index k is used in the memristor
variables and the following expressions can be written:

_ u, Ry AL .
x(k +1) ==z e (K) £ (X(K), 1y (K)) 24
+x(k)
Rmem (k) = Roff _(Rof‘f - Ron)x(k) (25)
. v (k)
k) = —mem
e (K) R (K) (26)

Eq. 15 and Eqgs. 24-26 should be connected together. Using
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the FDTD method for Eq. (1), the following difference
equations are obtained:

oV (z,t) N V(z+Az,t)-V(z,1)

27
oz Az @
And
oi(z,1) N i(z,t+At)—i(z,t) (28)
ot At
Therefore, Eq. (1) can be approximated as
V(z+Az,t)-V(z,t) __Ri(z,1)
Az (29)
L i(z,t+At)—i(z,1)
At
Using indices n and k, Eq. (29) can be written as
V(n+1k)-V(n.k) _ _Ri(.K)
oA (30)
L i(n,k+1)—i(n,k)
At

At the end of the transmission line, the memristor current is
equal to the line current:

. . v (1)
Imem (t) = I(fit) =T 31
Rpen (X(1) &
Using indices n and k, Eq. (31) can be written as
. k
(k):I(NZ +1,k)=—vmem( ) (32)

i
o Rmem ( k )

At the end of the transmission line (at N =N, +1), Eq.
(30) turns into

V(N, +1k) =V (N, k) _

—Ri(N, +1,k)
oA (33)
L I(N, +1L,k+1)—i(N, +1,k)
At
Where
. . Voem (K +1)
I(N, +Lk+D) =i, (k+1) = m (34)

By solving the Eq.s 15, 24-26, 32-34 simultaneously in
Matlab, the memristor voltage can be found numerically
using finite difference method.

5. Simulations

The simulations for the transmission line-fed memristor
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system are performed in this section. Memristor and
transmission line parameters given in Tables 1 and 2 are used
in simulations. The waveforms shown in Figures 4-7 are
obtained from the simulations. Due to space considerations,
simulation results are given for only two frequencies.
Memristor voltage, current, and resistance are shown in
Figure 4 for f=2 MHz and V,,=0.25 Volt. The source voltage
is applied to the line at t=0 and its effect is felt after the wave
propagates through the transmission line almost 1
microsecond later. The memristor voltage and current has
different amplitudes for each polarity as seen in Figure 4. As
shown in Figure 4.c, the memristive switching occurs and the
memristor switches to the minimum resistance state and stays
at that value due to the high operation frequency in steady-
state. The voltage and current of the transmission line depend
not only on the position but also on time. Also, the voltage
distribution on the transmission line is illustrated for several
different times in Figure 5. The voltage wave does not arrive
at the memristor load not until one microsecond passes as
seen in Figures 5.a and 5.b. The voltage wave turns into a
standing wave after the memristor completes its resistive
switching in the steady-state as shown in Figure 5.f. The
wavelength of the voltage wave can be seen in Figure 5. The
wave nature and attenuation of the line voltage are also
apparent in Figure 5.

Table 2 Transmission line parameters used in the
simulations.

The cable resistance per unit R 0.001 Q/m
length
The cable capacitance per unit C 100 pF/m

length

The cable inductance per unit L 25.10% H/m
length

The cable leakage G 10 (mQ/m)
conductance per unit length

Cable length Y 200 m

If the frequency decreases to 200 kHz, the memristor voltage
is shown in Figure 6. The memristor goes through a transient
state and, after multiple reflections, the output or the
memristor voltage reaches the steady-state as shown in
Figure 6. An exponential-like transient can be seen in Figure
6. The electromagnetic wavelength is higher than the line
length of 200 meter at 200 kHz and the voltage distribution
on the line at t=2.5 Microseconds is given in Figure 7 in this
case. At such a low frequency, instead of solving the
transmission line equations, the transmission line can be
modeled as a resistor-inductor series circuit. The simulations
show that the circuit programs must take memristor loads
into account and FD method can easily allow examining
transmission feeding a memristor load.
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6. Conclusions

In this study, transmission line equations are solved for a
memristor load. The memristor powered by the transmission
line has been simulated for two different frequencies. It has
been observed that with increasing frequency, the memristor
acts as a linear resistor as expected. After multiple
reflections, the output voltage reaches the steady-state. While
the reflections from both ends of the line continues, the
memristance of the memristor varies somewhat. In the
transient regime, the memristance of the memristor can
change or deviate from its initial value. The change is higher
at low frequencies. A full memristive switching can occur at

very low frequencies. The change may also not negligible at
higher frequencies due to nonlinearity of the window
function of memristor. As a result, precautions should be
taken when the memristor is connected to the end of a
transmission line in high frequency circuits. The effect of the
reflections from both ends of the transmission line during the
transient regime must be considered in designing such a
circuit perhaps using a FDTD solution method as done in this
study. We suggest frequency domain analysis of such a
circuit as future study.
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