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Abstract
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1. Introduction and mathematical preliminaries

Metric spaces and fixed point theorems are very important in many areas of mathematics. Some generalizations of metric spaces and fixed
points of various contractive mappings have been studied extensively. Bakhtin introduced b-metric spaces as a generalization of metric spaces
[5]. Mustafa and Sims defined the concept of a generalized metric space which is called a G-metric space [17]. Sedghi, Shobe and Aliouche
gave the notion of an S-metric space and proved some fixed-point theorems for a self-mapping on a complete S-metric space [23]. Aghajani,
Abbas and Roshan presented a new type of metric which is called Gj,-metric and studied some properties of this metric [1]. Since then, many
authors obtained several fixed-point results in the various generalized metric spaces (see [2, 3,4, 6,7, 8,9, 10, 11, 12, 15, 18, 19, 20, 24, 25]
for more details). Also, some applications of fixed point theory were studied on various metric spaces. Several applications of the Banach
contraction principle were given in many areas such as integral equations, linear equations, differential equations etc. For example, the
present authors investigated some applications on S-metric spaces (see [21] and [22]).

Recently, the concept of an S,-metric space, as a generalization of metric spaces and S-metric spaces, has been introduced in [26] and a
common fixed point theorem for four mappings has been studied on a complete Sj,-metric space. The notion of an Sj-metric was generalized
to the notion of an Aj-metric in [29]. When n = 3, the notion of “an S;,-metric” coincides with the notion of “an Aj,-metric”. Some fixed
point theorems were given under different contraction and expansion type conditions (see [29] for more details). After then, some fixed-point
results have been studied with various approaches (see [13, 14, 16, 27, 30] for some examples).

In this paper, we consider a complete S;-metric space and prove two generalizations of the classical Banach fixed point result. In Section 2,
we recall some known definitions. In Section 3, we deal with the notion of an Sj-metric and investigate some properties of S,-metric spaces.
We study some relationships between an Sj,-metric and some other metrics. In Section 4, we prove the Banach contraction principle on a
complete Sj-metric space and give a new fixed point theorem as a generalization of the Banach contraction principle with a counterexample.
In Section 5, we present an application to linear equations on an Sp-metric space (X,S7).

Now we recall the following definitions.

Definition 1.1. /5] Let X be a nonempty set, b > 1 a given real number and d : X x X — [0,00) a function satisfying the following conditions
forall x,y,z€X:

(b1) d(x,y) =0 if and only if x = y.

(b2) d(x,y) = d(y,x).

(b3) d(x,z) < bld(x,y) +d(,2)]-

Then the function d is called a b-metric on X and the pair (X,d) is called a b-metric space.

Definition 1.2. [17] Let X be a nonempty set and G : X x X x X — [0,00) a function satisfying the following conditions:
(G1) G(x,y,z2) =0ifx=y=z

(G2) 0 < G(x,x,y) for all x,y € X withx # .

(G3) G(x,x,y) < G(x,y,z) for all x,y,z € X withy # z.
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(G4) G(X,y,Z) = G(X7Z7y) = G(y,z,x) =
(G5) G(x,y,z) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X.
Then the function G is called a generalized metric or a G-metric on X and the pair (X,G) is called a G-metric space.

Definition 1.3. [1] Let X be a nonempty set, b > 1 a given real number and Gy, : X x X x X — [0,00) a function satisfying the following
conditions:

(Gpl) Gp(x,3,2) =0ifx=y=2z

(Gp2) 0 < Gp(x,x,y) for all x,y € X with x # y.

(Gp3) Gp(x,x,y) < Gyp(x,y,2) for all x,y,z € X withy # z.

(Gp4) Gp(x,,2) = Gp(x,2,y) = Gp(y,2,x) = -+

(Gp5) Gp(x,¥,2) < b[Gp(x,a,a) + Gp(a,y,z)] for all x,y,z,a € X.

Then the function Gy, is called a generalized b-metric or a Gy-metric on X and the pair (X, Gy,) is called a G,-metric space.

Definition 1.4. [23] Let X be a nonempty set and S : X x X x X — [0,e0) a function satisfying the following conditions for all x,y,z,a € X :
(S1) S(x,y,z) =0 ifand only if x=y =z

(82) S(x,y,2) < S(x,x,a) + S(y,y,a) + S(z,z,a).

Then the function S is called an S-metric on X and the pair (X,S) is called an S-metric space.

We use the following lemma in the next sections.

Lemma 1.5. [23] Let (X,S) be an S-metric space. Then we have
S(x,x,y) = 8(y,3,x).
2. Sp-Metric spaces

In this section, we recall the notion of an Sj,-metric space and study some properties of this space.

Definition 2.1. [26] Let X be a nonempty set and b > 1 a given real number. A function Sp, : X x X x X — [0,0) is said to be S,-metric if
and only if for all x,y,z,a € X the following conditions are satisfied:

(Sp1) Sp(x,y,2) =0ifand only ifx=y =7z,

(S62) Sp(x,,2) < b[Sp(x,x,a) +Sp(y,y,a) + Sp(2,2,a)]-

The pair (X,Sp) is called an Sy-metric space.

We note that Sy,-metric spaces are the generalizations of S-metric spaces since every S-metric is an S,-metric with b = 1. But the converse
statement is not always true (see [26] for more details). In the following, we give another example of an S,-metric which is not an S-metric
onX.

Example 2.2. Let X = R and the function S, be defined as
1 2
Sp(e3,2) = e (=yl+ Iy =z +x—z])~
Then the function Sy, is an S,-metric with b = 4, but it is not an S-metric. Indeed, for x =4,y =6, z=8 and a =5, we get

1 1
Sb(47678) :4’ Sb(4>475) = ZJ Sb(67675) = Z) Sb(87875) =

=)

Hence we have

11
Sb(4v6’8) =4< Sb(474’75) +Sb(676’5) +Sb(87875) = Z’

which is a contradiction with (S2).

Definition 2.3. Let (X,S;,) be an Sj,-metric space and b > 1. An Sy-metric Sy, is called symmetric if

Sp (2 %,5) = 8 (5,7,%), @2.1)
forallx,;y € X.

In [28], it was given a definition of an Sj,-metric with the symmetry condition “Sy(x,x,y) = S;(»,y,x)” (see Definition 1.3 on page 132).
However, in the definition of an Sj,-metric, the symmetry condition (2.1) is not necessary. In fact, for b = 1 the S,-metric induced to an
S-metric. It is known that the symmetry condition (2.1) is automatically satisfied by an S-metric (see Lemma 1.5). So Definition 2.1 of an
Sp-metric is more general than given in [28].

We give the following examples of a symmetric Sp-metric and a non-symmetric S;-metric, respectively.

Example 2.4. Let (X,d) be a metric space and the function S : X X X X X — [0,0) defined as
Sp(x.3,2) = [d(x,y) +d(y,2) +d(x,2)]",

forall x,y,z € X and p > 1. Then it can be easily seen that S, is an Sy-metric on X. Also the function Sy, satisfies the symmetry condition
(2.1).
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Example 2.5. Let X = R and the function Sj, : X x X x X — [0,00) be defined as

S5(0,0,1) =

Sp(1,1,0) =

(xyv) lfx_ =3
Sp(x,¥,2) = 1 otherwise,

forall x,y,z € R. Then the function Sy, is an Sp-metric with b > 2 which is not symmetric.
We define some topological concepts in the following:
Definition 2.6. Let (X,S;,) be an Sy,-metric space, x € X and A,B C X.
1. We define the distance between the sets A and B by
Sp(A,A, B) = inf{Sp(x,x,y) : x €A,y € B}.
2. We define the distance of the point x to the set A by
Sp(x,x,A) = inf{Sp(x,x,y) : y € A}.
3. We define the diameter of A by
O(A) = sup{Sp(x,x,y) 1 x,y € A}.
Now we recall the definition of an open ball and a closed ball on Sj,-metric spaces, respectively.

Definition 2.7. [26] Let (X,S},) be an Sy-metric space. The open ball B(x,r) and the closed ball B3[x,r| with a center x and a radius r are
defined by

BY(x.r) = {y €X : Sp(nyx) <7}
and

Bg[x7r] = {y €X: Sb(yvyvx) < r},
forr >0, x € X, respectively.

Example 2.8. Let us consider the Sj,-metric space defined in Example 2.2 as follows:

863, = 1 (b =yl + ly—el +le—al ),
forall x,y,z € R. Then we get
B%(0,2) = {y € R:S,(y,5,0) < 2} = (—2v2,2V2)
and
B§[0,2] = {y € R: 5,(7,,0) < 2} = [-2V2,2V2].
Definition 2.9. Let (X,S),) be an Sj-metric space and X' C X.

1. If there exists an r > 0 such that Bg(x7 r) C X' for every x € X' then X' is called an open subset of X.

2. Let T be the set of all X' C X with x € X' such that there exists an r > 0 satisfying Bg(x7 r) C X'. Then 7t is called the topology induced
by the Sp-metric.

3. X' is called Sy-bounded if there exists an r > 0 such that S,(x,x,y) < r for all x,y € X'. If X" is Sy-bounded then we will write
S(X') < oo

Definition 2.10. [26] Let (X,S),) be an Sy-metric space.

1. A sequence {x,} in X converges to x if and only if Sp(x,,xn,x) — 0 as n — oo, that is, for each € > 0 there exists ng € N such that for
all n > ng, Sp(xn,Xn,x) < €. It is denoted by
lim x, = x.
n—oo

2. A sequence {x,} in X is called a Cauchy sequence if for each € > 0 there exists ng € N such that Sy, (xp,Xu,Xm) < € for each n,m > ny.
3. The Sy-metric space (X,Sy) is said to be complete if every Cauchy sequence is convergent.

Now we investigate some relationships between S;,-metric and some other metrics. The relationship between a metric and an S-metric are
given in [11] as follows:

Lemma 2.11. [11] Let (X,d) be a metric space. Then the following properties are satisfied:

1. Sy(x,y,2) =d(x,2) +d(y,z) for all x,y,z € X is an S-metric on X.
2. xp = xin (X,d) ifand only if x, — x in (X,S4).

3. {xn} is Cauchy in (X,d) if and only if {x,} is Cauchy in (X,S;).
4. (X,d) is complete if and only if (X,Sq) is complete.
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Since every S-metric is an Sp-metric, using Lemma 2.11, an Sj-metric generated by a metric d is defined as follows:
Sh(x,3.2) = bld(x,2) +d(3,2)],
for all x,y,z € X with b > 1. But there exists an Sj,-metric which is not generated by any metric as seen in the following example.

Example 2.12. Ler X = R. We consider the function S : X x X x X — [0,00) given in [19] as follows:
S(x32) =k —z|+x+2-2y

’

forall x,y,z € R. Then (X,S) is an S-metric space. Hence (X,S) is an Sp-metric space with b = 1. This metric is not generated by any
metric d.

In the following lemmas, we show that the relationships between a b-metric and an S,-metric.
Lemma 2.13. Let (X,Sp,) be an Sy-metric space, S, a symmetric Sy-metric with b > 1 and the function d : X x X — [0,0) defined by
d(x,y) = Sp(x,x,y),
forall x,y € X. Then d is a b-metric on X.
Proof. It can be easily seen that the conditions (b1) and (b2) are satisfied. Now we show that the condition (b3) is satisfied. Using the
inequality (S;2), we have

dixy) = Sp(xxy) <b2Sy(x,x,2)+Sp(y,,2)]

= 2bSp(x,x,2) +bSp(,.2)

and

dx,y) = Sp(y,y,%) <b2Sp(y,y,2) + Sp(x,x,2)]
208y (3,5,2) +bSp(x,x,2).

Hence we obtain

a(y) < F1dx2) +d(3,2),

3b
for all x,y € X. Then d is a b-metric on X with ER O
Lemma 2.14. Ler (X,d) be a b-metric space with b > 1 and the function Sp : X x X X X — [0,0) be defined by
Sb(x7y71) = d(x7z) +d(y,z),
forall x,y,z € X. Then Sy, is an Sy-metric on X.

Proof. Tt can be easily verified that the condition (Sj1) is satisfied. We prove that the condition (S,2) is satisfied. Using the inequality (b3)
we get

Spe,yz) = dxz)+d(yz)
< bld(x,a)+d(a,z)]+bld(y,a) +d(a,z))
= bd(x,a)+2bd(a,z) + bd(y,a)
< 2bd(x,a)+2bd(y,a) +2bd(a,z)
= D[Sp(x.x,a) +Sp(y,a) +Sp(z,2,a)],
for all x,y,z € X. Then S}, is an Sj,-metric on X with b. O

Now we give the following example to show that there exists an Sj,-metric which is not generated by any b-metric.
Example 2.15. Let X = R and define the function S : X X X x X — [0,0)
).

forall x,y,z € R, where b > 1. Then (R,S},) is an S,-metric space. Now we show that there does not exist any b-metric d which generates
this Sp-metric. Conversely, assume that there exists a b-metric d such that

Sp(x,y,2) = d(x,2) +d(y,2),

Sp(x,3,2) =b(|x—z|+|x+z-2y

forall x,y,z € R. Then we get
Sp(x,x,2) =2d(x,z) =2b|x—z| and d(x,z) = b|x —z]
and

Sp(y,3,2) =2d(y,z) =2b|y—z| and d(y,z) = bly—z

for all x,y,z € R. Therefore we obtain

>

b(lx—zl+x+z-2y) =blx—z[+bly—z],
which is a contradiction. Consequently, the S,-metric can not be generated by any b-metric.

Remark 2.16. Notice that the class of all S-metrics and the class of all G-metrics are distinct [6]. Since every S-metric is an Sp-metric and
every G-metric is a Gp-metric then the class of all Sp-metrics and the class of all Gy-metrics are distinct.
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3. Some fixed point results

In this section, we prove the Banach contraction principle on complete Sj,-metric spaces. Then we give a generalization of this principle. We
use the following lemma.

Lemma 3.1. [26] Let (X,Sp,) be an Sy-metric space with b > 1, then we have
Sp(x,%,y) < bSp(y,y,x) and Sp(y,y,x) < bSp(x,x,y).
Theorem 3.2. Let (X,S),) be a complete Sy-metric space withb > 1 and T : X — X a self-mapping satisfying

Sb(Tx7Tvay) < th(X,)Qy), 3.1

1
forall x,y,z€ X, where 0 < h < =R Then T has a unique fixed point x in X.

Proof. Let T satisfies the inequality (3.1) and xy € X. Then we define the sequence {x,} by x, = T"xy. Using the inequality (3.1) and
mathematical induction, we obtain

Sb(xnyxnvxn+l) S l’lnSb()C(),.X(),XI). (32)

Since the conditions (S,2) and (3.2) are satisfied for all n,m € N with m > n, using Lemma 3.1 we get

Sb(xn:xnvxm) < b[ZSb(xn,xn,anrl) +Sb(xmaxm:xn+1)]
< b [zsb(xnvxnvxn+l) +bSh(anrl yXn4-1 7xm)}
< 2bsb(xn7xﬂ7xn+l) + b3 [ZS;, (xn+l s Xn41 7xn+2) + Sb(xmvxmvanrZ)}
< 268 (X X X 1) b7 [28p (X1 X041, Xn2) + BSp (X2, Xn 42, Xm )]
< 268y (n,Xn, X 1) 267 Sp (X 15 %04 1,%042) + b S (642, %042, %m)
< 2bsb(xn7xnaxn+l) + ZbSSb(anA yXn+1 7xn+2) +-- 1+ szmiznilsb(xmfl s Xm—1 7xm)
< (th" R 2b2’"’2”’1h’”’1) Sp(x0,%0,x1)
< o (1 F DR+ b bzm’z”’zh"”"’1> Sp(x0,%0,x1)

1_b2m72nhm7n
thnwsb(xo,xo,xl)
2bh"
S 7250, %0,x1)-

Since h € |0, 7 ) where b > 1, taking limit for n — eo then we obtain Sy, (X, X,,%,) — 0 and so {x, } is a Cauchy sequence. Since X is
complete S,-metric space there exists x € X with lgn Xp = X.
N300

Assume that Tx # x. Using the inequality (3.1) we have

Sp(Tx, Tx,xp11) < hSp(x,x,%,).

If we take limit for n — oo, we get a contradiction as follows:

Sp(Tx,Tx,x) < hSp(x,x,x).

Hence Tx = x. Now we show that the fixed point x is unique. Suppose that Tx = x, Ty =y and x # y. Using the inequality (3.1), we have

1
We obtain x =y since & € {0, b—z) Consequently, x is a unique fixed point of the self-mapping 7. O

Remark 3.3. Ifwe take b =1 in Theorem 3.2 then we obtain Theorem 1 in [20].

Corollary 3.4. Let (X,S)) be a complete Sy-metric space with b > 1, S, symmetric and T : X — X a self-mapping satisfying the inequality
1
(3.1) for all x,y,z € X, where 0 < h < > Then T has a fixed point x in X.
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Proof. In the proof of Theorem 3.2, if we use the symmetry condition (2.1) instead of Lemma 3.1, we obtain

Sb(xmxmxm) < b[2Sb(xn,xn,xn+1) +Sb(xm,xm7xn+l )]
b[zsb(xmxnaxn-&-] ) +Sb(xn+l »Xn+1 7xm)]

< stb(xnuxn7xn+l) + b2 [zsb(xn+l s Xn+1 7xn+2) +Sp (xn17xm7xn+2)]
= 28} (X, Xns X 1) + 22 Sp (n st Xn 15 Xn42) + 2Sh (Xn 20 Xn 2, %m)
= 258 (X, X X 1)+ 2628 (X1 X4 13X 2) e+ 26™ S (X1 X1 Xm)
< (2bh”+2b2h"“ ¥ +2b’"’”hm’1) Sp (30,0, x1)
< bk (1 L bh PR+ ... +b’"*"*1h’"*"*1) Sp (%0, x0,x1)
| — pn—npm—n
< 20K Sh(x0,%0,1)
2bh"
< o Selosxo.x).
1
Since h € {0, Z) with b > 1, the rest of the proof is similar to that in the proof of Theorem 3.2. O

Example 3.5. Let X = R and consider the S,-metric defined in Example 2.2 as follows:

1
Sp(.3,2) = 1o (=¥l +ly =zl +lx—2)%

for all x,y,z € R with b = 4. If we define the self-mapping T of R as

PO
x=-,
6
for all x € R then T satisfies the condition of the Banach contraction principle. Indeed, we get
-y -y
Sp(Tx,Tx,Ty) = ——— < hSp(x,x,y) = ,
(T T, Ty) = E20 < sy () = 22

1
forallx e Rand h = T Hence T has a unique fixed point x =0 in R.

Now we give the following theorem as a generalization of the Banach contraction principle on complete S;,-metric spaces.

Theorem 3.6. Let (X,S),) be a complete Sy,-metric space with b > 1 and T a self-mapping of X satisfying the following condition:
There exist real numbers o1, 0 satisfying o) + (2b2 +b) o < 1 with oy, ap > 0 such that

Sp(Tx, Tx,Ty) < o1Sp(x,x,y) + apmax{S,(Tx,Tx,x),S,(Tx,Tx,y),Sp(Ty, Ty,y),Sp(Ty,Ty,x)}, (3.3)
forall x,y € X. Then T has a unique fixed point x in X.
Proof. Let xp € X and the sequence {x, } be defined as follows:
Txg=x1,Tx1=xp, -+, Txp =Xp41, "+
Assume that x,, # x,,+ for all n. Using the condition (3.3), we get

Sb(xn:xnvanrl) = Sb(T)Cn,thn,],Txn) S alsb(xnfhxnfhxn) (34)
+a2 maX{Sb (xmxn:xnfl)7Sb(xnaxn»xn)7
Sp(Xnt15%n15Xn)5 Sp (Xn 15 X4 1,%0-1) }
= 0 Sp(Xn—1,Xn—1,%n) + O max{Sy (Xn, Xn, Xn 1),

S (Xnt15Xn+15%n) 5 Sp (Xnt15 X041, Xn—1) } -
By the condition (Sj,2), we have
Sb(xn+1 s Xn+-1 >xn71) < b[zsb(anrl s Xn+1 7xn) +Sb(xn71 s Xn—1 7xn)}~ (3.5)
Using the conditions (3.4), (3.5) and Lemma 3.1, we obtain

Sb(xl’lvxn7xn+l) S alsb(xnflvxnflaxn)+a2max{sb(xn7xn7xn71)7
Sb(xn+1 s Xn+1 >xn)72bsb(xn+1 sXn+1 rxi‘l) +bSb(xn71 s Xn—1 7xn)

< Sy 1,%n—15Xn) + 2500 Sp (Xt 15X 415 Xn)
+bo Sy (Xn—1,%0—1,%n)
< Sy (1, X1, Xn) + 267008 (X0, Xn, Xnt 1)

+bo Sy (Xp—1,%p—1,Xn)
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and so
(1 =262 0) S (X, Xns X 1) < (01 +500)Sp (X1, Xn—1,%n)s

which implies

o) +bop
Sb(xll7xn7xn+l) S %Sb(xn,l,xn,l,xn). (36)
Letd = o tbor Then d < 1 since a; + (26> +b) o < 1. Notice that 1 —2b?a, # 0 since 0 < ap < _ Now repeating this
1—20%a, : 2o 2 T

process in the inequality (3.6), we get
Sp(XnsXns Xn11) < d"Sp(x0,%0,X1).- 3.7
We show that the sequence {x,} is Cauchy. Indeed, for all n,m € N, m > n, using the conditions (3.7) and (S),2), we obtain

2bd"
Sb(xﬂvxnaxm) < msb(x()ax()axl)'

We have lim Sj,(xp,%,,%n) = 0 by the above inequality and so {x,} is a Cauchy sequence. By the completeness hypothesis, there exists
n,m—soo
x € X such that {x, } converges to x. Suppose that T'x # x. Then we have

Sp(xXnsxn, Tx) = Sp(Txp—1,Txy—1,Tx)
< Sy (Xn—1,%0—1,X) + O max{Sy, (Xu, X, X 1),
Sb(xnvxnvx)7sb(Tx7 TX7X),Sb(TX, Tx7xn—l )}

and so taking limit for n — oo and using Lemma 3.1, we get

Sp(x,x, Tx) < apSp(Tx, Tx,x) < 0pbSp(x,x, Tx),

1
which implies Sj,(Tx,Tx,x) =0 and Tx = x since 0 < op < TS
Finally we show that the fixed point x is unique. To do this, we assume that x # y such that Tx = x and Ty = y. Using the inequality (3.3)
and Lemma 3.1, we have

Sp(Tx,Tx,Ty) = Sp(x,x,y) < a1Sp(x,x,y) + o max{Sy (x,x,x), 5 (x,,y), Sp (3, 3,3), S (3,3 %) },
which implies x =y since o] + bty < 1. Then the proof is completed. O

Corollary 3.7. Let (X,Sp) be a complete Sy-metric space with b > 1, S, symmetric and T a self-mapping of X satisfying the following
condition:
There exist real numbers Q, 0y satisfying o +3bon < 1 with o, o > 0 such that

Sp(Tx, Tx,Ty) < ouSp(x,x,y) + 0y max{Sy(Tx, Tx,x),8,(Tx,Tx,y),Sp(Ty,Ty,y),Sp(Ty, Ty,x)},
forall x,y € X. Then T has a unique fixed point x in X.
Proof. The proof follows easily by using the symmetry condition (2.1) instead of Lemma 3.1 in the proof of Theorem 3.6. O

Remark 3.8. We note that Theorem 3.6 is a generalization of the Banach contraction principle on Sy-metric spaces. Indeed, if we take

1
o < 2 and o =0 in Theorem 3.6 we obtain the Banach contraction principle.

Now we give an example of a self-mapping satisfying the conditions of Theorem 3.6 such that the condition of the Banach contraction
principle is not satisfied.

Example 3.9. We consider the S-metric space (R,S) with

S(x,3,2) = lx—z[+|x+z -2y

>

forall x,y,z € R given in [19] and the self-mapping T of R as

_f x4+50 ifjx—1]=1
Tx_{ 45 iflx—1#£1 "

for all x € R defined in [20]. Since every S-metric space is an Sp-metric space, (R,S) is an Sy-metric space with b = 1. Then the inequality

1
(3.3) is satisfied for oy = 0 and ap = 5 Then T has a unique fixed point x = 45 by Theorem 3.6. But T does not satisfy the condition of the

Banach contraction principle since for x =1, y =0 we get
S(Tx,Tx,Ty) =10 < hS(x,x,y) = 2h,

which is a contradiction with h < 1.
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4. An application of the Banach contraction to linear equations

In this section, we give an application of the Banach contraction principle on Sj,-metric spaces to linear equations. To do this, we consider
the Sp,-metric space generated by

n
Z i — il s

for all x,y € R". We note that the symmetry condition (2.1) is not necessary in the following example.

Example 4.1. Let X =R" be an Sy-metric space with the Sp-metric defined by

1(x,,2) Z‘xl_zl“"z‘,b’z—zz

forall x,y,z € R", where b= 1. If

Z|a,,|<h<1 (I<j<n)

i=1

then the system of linear equations

ayxy+apx+--+agpxy, = by “4.1)
ayxp+apxy+-+awxy = b
A X1+ amxy +- o+ apmXy = by

has a unique solution. Let T be defined by

Tx=Ax+b,

where x,b € R" and

A=

ap daiz - dip
azr daxp ot Aapp
aupl  Aap2 - Apn

Now we show that the self-mapping satisfies the contraction of the Banach contraction principle. For x,y € R" we get

n

2L |;

n
j=11i

n n
) 72;;!“:‘1\!xﬁyl‘\
= 22 }al]Hx] y1|*22|x1 y]|2|au‘
=

hS1 (x,x,y).

S1(Tx,Tx,Ty)

i

—_

i=

IN

Then T satisfies the Banach contractive condition. Using Theorem 3.6, the linear equations system (4.1) has a unique solution.
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